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Abstract. The first-order Fermi process at relativistic shocks requires the generation of
strong turbulence in the vicinity of the shock front. Recent particle in cell simulations
have demonstrated that this mechanism can be studied self-consistently at weakly mag-
netised shocks. The radiative signature of this first-order Fermi acceleration mechanism is
important for models of both the prompt and afterglow emission in gamma-ray bursts and
depends on the strength parameter a = λe|δB|/mc2 of the fluctuations (λ is the length-
scale and |δB| the magnitude of the fluctuations.) For electrons (and positrons), accel-
eration saturates when the radiative losses produced by the scattering cannot be com-
pensated by the energy gained on crossing the shock. For Weibel mediated shocks, this
sets an upper limit on the energy of the photons radiated during the scattering process:

~ωmax < 40 Max(a, 1)
(
n/1 cm−3

)1/6
γ̄−1/6 eV, where n is the number density of the plasma

and γ̄ the thermal Lorentz factor of the downstream plasma, provided a < acrit ∼ 106. For
shocks mediated by the synchrotron maser instability, this upper limit can be considerably
higher, although this depends on the strength of the magnetic field, which has a large uncer-
tainty.
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1. Introduction

Particle acceleration at relativistic shocks is
thought to proceed via the first order Fermi ac-
celeration mechanism (see Kirk & Duffy 1999,
and references therein). Recent particle in cell
(PIC) simulations have demonstrated that the
process can indeed occur, under favourable
conditions (Spitkovsky 2008; Martins et al.
2009; Sironi & Spitkovsky 2009). These sim-
ulations are ab initio in the sense that the pro-
cess is reproduced from Maxwell’s equations
and the equations of motion.
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The maximum achievable particle energy
can be determined by several factors, includ-
ing the shock’s lifetime or its spatial extent.
Ultimately, the acceleration ceases when the
radiative energy losses that are inevitably asso-
ciated with the scattering process overwhelm
the energy gains obtained upon crossing the
shock.

Such effects are usually not included in PIC
simulations because of the difficulties associ-
ated with radiation reaction. However, for a
given model of pitch angle diffusion, it is pos-
sible to derive an approximate upper limit for
the maximum particle energy. Exactly when
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this happens will depend on the details of the
scattering process. Current simulations suggest
small angle scattering is a necessary condi-
tion for Fermi acceleration to occur. The pres-
ence of a large scale field generally acts to
suppress the acceleration as particle are effec-
tively transported into the far downstream re-
gion (Sironi & Spitkovsky 2009).

2. Particle transport and acceleration

For the purpose of estimating radiative sig-
natures of accelerated particles, it is conve-
nient to characterise the fluctuations in terms
of their ‘strength’ parameter a, defined as the
ratio of their length scale to the length defined
by typical fluctuations in the field strength:
a = λe|δB|/mc2 (e.g Landau & Lifshitz 1975).
According to this strength parameter, the trans-
port can be divided into two distinct regimes,
which we call ‘ballistic’ (a < γ) and ‘heli-
cal’ (a > γ). In ballistic transport, the scat-
tering mean free path is shorter than the gy-
roradius in the local field. On the other hand,
in the helical transport regime, gyro motion
is only slightly perturbed. Particles have suf-
ficient time to gyrate about the field while their
pitch angles and guiding-centre positions dif-
fuse.
Ballistic transport regime:

At a relativistic shock, a particle remains
in the upstream medium until it has been de-
flected, on average, through an angle of 1/γ̄ in
the upstream rest frame. In the downstream the
particle must deflect through a much larger an-
gle ∼ π/2. A turbulent fluctuation of strength
parameter a, deflects a particle of Lorentz fac-
tor γ through an angle a/γ. Provided this an-
gle is small, the diffusion coefficient is simply
Dθ = a2νsc/γ

2, where νsc is the mean scatter-
ing frequency. The average number of scatter-
ings in the upstream medium between shock
encounters is therefore Nscatt,u ≈ (γ/auγ̄)2, and
likewise in the downstream Nscatt,d ≈ (γ/ad)2.

Assuming similar size strength parameters
either side of the shock, radiative losses in the
downstream dominate. For kinematic reasons,
the average energy gain per cycle is roughly a
factor of two (Achterberg et al. 2001), so that
the acceleration process will saturate when the

energy lost in the upstream medium is roughly
γmc2. This implies that in the absence of in-
verse Compton cooling, the energy is limited
to (Kirk & Reville 2010)

γ <

(
3mc2λd

2e2

)1/3

(1)

Helical transport regime:
In the helical transport regime, energy

losses are important at all points along a trajec-
tory. In the Bohm limit, the maximum Lorentz
factor is (Achterberg et al. 2001):

γ <

(
3m2c3

2e3B

)1/2

(2)

At magnetised, relativistic shocks, particle ac-
celeration by the first-order Fermi mechanism
is less plausible, since it relies on strong cross-
field diffusion. However, if the process does
operate, particles can move from the helical to
the ballistic regime, as their Lorentz factor in-
creases. There exists a critical strength param-
eter acrit such that when a = acrit the maximum
Lorentz factor γmax is achieved just at the point
at which the transport changes character from
helical to ballistic, i.e.

acrit =

(
3mc2λd

2e2

)1/3

(3)

If a > acrit, all particles remain in the the he-
lical regime. On the other hand, if a < acrit,
particles of the maximum Lorentz factor un-
dergo ballistic transport, but lower energy par-
ticles may be in the helical regime.

Combining the constraints from the ballis-
tic regime (1) and the helical regime (2) gives:

γmax =

{
acrit for a < acrit

acrit
√

acrit/a for a > acrit
(4)

3. Radiative signatures

To estimate the maximum photon energy that
can be produced by the highest energy parti-
cles, we consider the radiation emitted when
a particle is scattered by a single fluctuation
of strength parameter a. The character of the
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Fig. 1. The maximum electron Lorentz factor γmax and the maximum photon energy ω̂max = ~ωmax/mc2

radiated when scattered by magnetic fluctuations of strength a at a relativistic shock. The jitter/synchrotron
regimes are separated by the vertical a = 1 line; the ballistic/helical transport regimes by the a = acrit line.

emission depends crucially on the “formation”
or “coherence” length of the radiated photons.
If a > 1, the formation length is roughly λcoh ≈
mc2/eB. This is much smaller than the wave-
length of the turbulence, so that the individ-
ual photons are created in regions in which the
field is almost constant and homogeneous. The
result is synchrotron radiation, with the emis-
sivity defined by the local value of the field.
The emission extends up to the roll-over fre-
quency of the highest energy electrons:

ωmax ≈ 0.5aγ2c/λ for a > 1 (5)

If, on the other hand, a < 1, the particle is
deflected through an angle that is small com-
pared to 1/γ. In this case, the coherence length
is no longer limited by deflection, but is given
by the distance moved by the particle in the
lab. frame during the time it takes for the pho-

ton to move one wavelength ahead of the parti-
cle: λcoh ≈ γ2c/ω. The maximum frequency is
roughly

ωmax ≈ 0.5γ2
maxc/λ for a < 1 (6)

In each case, most of the power radiated by
an individual electron emerges within a decade
of the roll-over frequency that corresponds to
its Lorentz factor. Therefore, the spectrum ra-
diated by a power-law distribution of electrons,
with differential number density dn/dγ ∝ γ−p,
for both the synchrotron and jitter cases, re-
produces the standard power-law spectrum at
frequencies between the roll-over frequency
of the highest and lowest energy electrons:
dL/dω ∝ ω−(p−1)/2.

Combining the limit on the Lorentz factor
(1) with the expressions for the roll-over fre-
quency (5) and (6), one finds for the maximum
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frequency that can be radiated by particles ac-
celerated at a relativistic shock front:

~ωmax

mc2 =


(αfacrit)−1 a < 1
a (αfacrit)−1 1 < a < acrit
α−1

f a > acrit

(7)

where αf = e2/~c is the fine structure constant.
The results are summarised in Fig. 1.

4. Discussion

As mentioned in the introduction, PIC simula-
tions exhibiting Fermi acceleration require the
presence of small scale turbulence. For suffi-
ciently weakly magnetised shocks, the field is
generated via the Weibel instability. These typ-
ically have magnetic structures of size on the
order of the plasma skin-depth λ = `wc/ωp
where ωp is the local plasma frequency, and
`w ∼ 10.

For magnetised shocks mediated by the
synchrotron maser instability, the characteris-
tic length in the downstream plasma λs,d is dic-
tated by the requirement that the incoming par-
ticles be significantly deflected, giving λs =
`sγ̄mc2/eBd with `s ∼ 1 (Lyubarsky 2006).

It follows that for a given shock, the critical
strength parameter is

acrit ≈


106`1/3
w γ̄1/6

(
n/1 cm3

)−1/6
Weib

104`1/3
s γ̄1/3 (B/1 mG)−1/3 Synch

(8)

While these results are derived assuming a
electron-positron plasma, the dependence on
mass is weak, and for an electron-ion shock,
acrit increases by less than an order of magni-
tude.

Current PIC simulations suggest strength
parameters ∼ γ̄ (Sironi & Spitkovsky 2009).
This suggests a maximum photon energy of
∼ Γγ̄/αfacrit, where Γ is the Lorentz factor of
the downstream flow in the observer’s frame
(neglecting the host galaxy’s redshift), which
can be as large as 103. For Weibel mediated
shocks, this sets an upper limit of

~ωmax . 40
( n
1 cm−3

)1/6
(

Γ

103

)
γ̄5/6 keV, (9)

which cannot account for the gamma-ray pro-
duction in the prompt phase. This of course
does not exclude the possibility of Compton
scattering of the soft jitter or synchrotron pho-
tons to produce gamma-rays.

For shocks mediated by the synchrotron
maser instability, the limit is not so severe

~ωmax .
( B
1 mG

)1/3 (
Γ

103

)
γ̄2/3 MeV, (10)

where we have adopted a magnetic field
strength of 1 mG. The actual value of the mag-
netic field in the internal shocks of a GRB
can in principle be several orders of magnitude
larger. If magnetic field values on the order of
kilo-Gauss can be generated in the vicinity of
the internal shocks, it may be possible to pro-
duce GeV photons at a synchrotron maser in-
stability mediated shock.
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